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Abstract 
Delta-hedging is a powerful strategy how to hedge a portfolio consisting of derivatives and shares. This paper focuses on portfolio 
consisting of warrants and shares. Warrants are chosen to be American call type with shares as underlying assets. Shares belong to 
the world-known companies such as Lufthansa, Microsoft and others. The aim is to find out if delta-hedged portfolio has lower 
risk than the non-hedged portfolio and if so, how big is the difference. The delta is derived from the Black-Scholes option pricing 
model. Based on the data from Frankfurt Stock Exchange we build 50 different portfolios. Results are that the average percentage 
of avoided risk is 70 %. In some cases delta-hedging also causes profit instead of a loss and in very less cases it causes losses 
instead of the profits, which would be gained without hedging. Delta-hedging makes the derivatives feasible even for risk-averse 
investors. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of IISES-International Institute for Social and Economics Sciences. 
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1. Introduction 
When studying financial markets one of the main areas of interest is risk. There are investors in the market which 
are willing to undergo higher risk and there are also investors which prefer lower risks. These conservative investors 
would not be able to invest to financial derivatives as they are in general very risky. One way to make derivatives 
feasible for risk-averse investors is delta-hedging. 
Delta-hedging is a method how to protect a portfolio from unnecessary risk. Investor tries to stay in delta-neutral 
position with his portfolio as it is immune to the small changes in underlying asset’s price of the derivative he hedge.  
This method is derived from Black-Scholes option pricing model. The use of this theoretical model is problematic 
because as it is already known real markets do not behave how Black-Scholes model presumes. Many authors made a 
research which has proved that there is a volatility smile although it should not be according to the model. Also many 
of presumptions of the model are not fulfilled by real markets. 
© 2015 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of IISES-International Institute for Social and Economics Sciences.
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Delta-hedging is also a method which is expensive in terms of transaction costs, because it needs frequent 
rebalancing. Every move in price leads to different delta and as a consequence the portfolio must be rebalanced by 
selling or buying additional shares to stay delta-neutral. 
Many authors investigate delta-hedging not only from the Black-Scholes model point of view but also by using 
other stochastic models. Bakshi et al (2003) found out that stochastic volatility modelling is stronger than standard 
Black-Scholes model, their results where consequently supported by Coleman et al (2000) and Vähämaa (2003). This 
was in contrary to the results of Dumas et al (1998) whose conclusions were the opposite. The distinction between 
these two conclusions was the basic idea for Crépey (2003), who stated the implied volatility delta is less accurate. 
They were always concerned with options. Aim of this paper is not to do research on options but on warrants. 
Author states that no valid study on delta-hedging in relation to warrants is available, especially for European financial 
markets. For these reasons author of this paper believes it is important to investigate consequences of delta-hedging 
on real markets because this strategy is often used by its participants. 
2. Methodology 
For the purpose of this paper we make analysis in the standard Black-Scholes model. We use warrants which have 
shares as underlying assets. We assume that the price of a warrant is approximately equal to the price of an option. 
Also we assume that the price of an American call warrant is approximately equal to the price of an European call 
warrant: 
 
ܹ ሺܵ଴ǡ ܭǡ ݎǡ ܶǡ ߪሻ ൌ ܵ଴ܰሺ݀ଵሻ െ ܭ݁ି௥்ܰሺ݀ଶሻ       (1) 
 
where ௧ܵ stands for a spot price of an underlying asset of a warrant, K is a strike price, T is time to maturity, r is 
riskless interest rate, σ stands for volatility and N(·) represents distribution function of normal distribution and 
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Variable Delta (Δ) is a characteristic of a warrant which shows how the change in price of a warrant depends on 
changes in the price of an underlying asset. It is a coefficient measuring the dependence of one price moving on 
another. It can be derived from Black-Scholes model as follows: 
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After calculation of equation (4) we get: 
 
οݓ ൌ ܰሺ݀ଵሻ ൌ ׬ ଵξଶగ ݁
ିೣమమ ݀ݔௗభିஶ          (5) 
 
Similarly we have to calculate Delta of a share: 
 
οௌబൌ οௌబοௌబ ൌ ͳ           (6) 
 
We want our portfolio to be Delta-neutral. It means ο௉ൌ ͲǤ It is clear that to hedge one warrant in portfolio we need 
the amount of οௐ shares, which are the underlying assets of that particular warrant. For call warrants we have to sell 
shares, for put warrants we have to buy shares. 
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We assume we currently hold 100 shares in each case. The delta-neutral portfolio will consist of 100 warrants of 
one particular type and amount of 100-n shares where 
 
݊ ൌ ͳͲͲ כ οௐ           (7) 
 
Because for call warrants we have to sell n shares to keep our portfolio delta-neutral.  
We have 50 portfolios which are delta-neutral at time t = 0, when the price of a warrant is equal to W0 and the price 
of a share is S0. We calculate the value of the portfolio and compare it to the present value, when the price of a warrant 
is Wt and the price of a share is St.  
 
P0 = 100 W0 + (100 – n) S0 
 
(8) 
Pt = 100 Wt + (100 – n) St (9) 
To minimize transaction costs and to simplify the problem we do not rebalance our portfolios during their existence 
and we exercise them on 03/23/2015.  
We calculate how much the delta-hedged portfolio value PD relatively grew within given period of time and 
compare it with the unhedged portfolio value PN. We get the amount of risk which was avoided thanks to delta-hedging 
from the following equation: 
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where AR stands for avoided risk. 
We state following presumptions: no transaction costs, no spread between bid and ask price. We use daily opening 
prices. Also we acknowledge that delta-hedging works only for small changes in share’s price which we presume there 
are. 
3. Data 
The dataset was gathered from Frankfurt Stock Exchange. It has been chosen because in the European area it is the 
most liquid stock exchange in terms of trading warrants. From plenty possibilities warrants on shares were chosen. 
These shares belong to well-known companies from different business areas which provide smooth and liquid 
conditions for further examination. 
The dataset consists of 50 types of warrants, each 10 of them on the same share belonging to the following 
companies: 
x Adidas 
x Lufthansa 
x Microsoft 
x Nestlé 
x Volkswagen 
These warrants were issued by huge financial corporations – DZ Bank AG, Bank Vontobel AG, BNP Paribas, UBS 
AG, Société Générale S.A., Interactive Brokers Group, Inc., The Goldman Sachs Group, Inc. and Raiffeisenbank eG. 
The features which all of the warrant in the dataset have in common is the exercise date 06/19/2015, type: American 
call, denomination in Euros. 
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Table 1. Selection of Warrants in the dataset* 
WKN Underlying Share Issuer Issue Date 
Issue Price of 
Warrant 
Delta of 
Warrant 
DZL6S7 Adidas DZ BANK 06/19/2013 1.606 0.35 
VT99LA Adidas Bank Vontobel 07/18/2013 0.69 0.03 
UA7KC3 Lufthansa UBS 08/01/2013 3.53 0.58 
PA0S7Y Lufthansa BNP Paribas 10/01/2013 1.54 0.21 
VZ80JK Microsoft Bank Vontobel 02/02/2015 0.18 0.60 
AP5XEH Microsoft Interactive Brokers 02/20/2015 0.40 0.77 
RC0BUA Nestle Raiffeisenbank 02/09/2015 0.11 0.87 
GT96C3 Nestle Goldman Sachs 10/14/2014 0.05 0.48 
PA0R0T Volkswagen  BNP Paribas 10/01/2013 2.06 0.98 
SG6LX4 Volkswagen  Société Générale 11/24/2014 3.31 0.99 
Source: Own adjustment based on Frankfurt Stock Exchange data  
Underlying shares are shares of prestigious companies, which are traded on high frequencies which provide 
liquidity. 
 
Table 2. Underlying Shares Characteristics 
Name Adidas Lufthansa Microsoft Nestlé Volkswagen 
Current Price (in EUR) 69.92 13.92 39.62 72.15 251 
Source: Own adjustment based on Frankfurt Stock Exchange data  
4. Results 
If we follow evolution of the portfolios’ values from the date of their construction to the maturity date of warrants 
we get following results. 
 
  
 
 
* For the whole dataset please ask the author. 
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Table 3. Values of selected portfolios (in EUR) 
WKN 
Underlying 
Share 
Warrant 
Price at t=0 
Current 
Warrant 
Price 
Share 
Price at 
t=0 
Current 
Share Price 
Value of 
Portfolio at 
t=0 
Final Value 
of Portfolio 
DZL6S7 Adidas 1,606 0,2 83,22 69,92 5569,9 4564,8 
VT99LA Adidas 0,69 0,02 85 69,92 8314,194 6784,24 
UA7KC3 Lufthansa 3,53 1,1 15,08 13,92 986,36 694.64 
PA0S7Y Lufthansa 1,54 0,21 14,48 13,92 1297,92 1120,68 
VZ80JK Microsoft 0,18 0,2 35,9 39,623 1454 1604,92 
AP5XEH Microsoft 0,4 0,33 38,27 39,623 920,302 944,329 
SG6LDC Lufthansa 0,08 0,09 15,91 13,92 819,41 718,92 
GT96C3 Nestle 0,05 0,16 56,15 72,146 2924,8 3767,592 
PA0R0T Volkswagen  2,06 7,09 174,5 251 555 1211 
SG6LX4 Volkswagen  3,31 11,18 195,5 251 526,49 1369 
Source: Own adjustment 
When we have the values of portfolio we can compare them with the evolution of non-hedged portfolios to see how 
much risk delta-hedging strategy avoided. 
Table 4: Relative changes in selected delta-hedged and non-hedged portfolios 
Warrants Underlying Share 
Profit/loss of delta-
hedged portfolio (in 
%) 
Profit/loss of non-hedged 
portfolio   (in %) Avoided risk (in %) 
DZL6S7 Adidas -18,045 -87,547 79,388 
VT99LA Adidas -18,402 -97,101 81,049 
UA7KC3 Lufthansa -29,575 -68,839 57,037 
PA0S7Y Lufthansa -13,656 -86,364 84,188 
VZ80JK Microsoft 10,38 11,111 6,583 
AP5XEH Microsoft 2,611 -17,5 100 
SG6LDC Lufthansa -12,264 12,5 0 
GT96C3 Nestle 28,815 220 86,902 
PA0R0T Volkswagen  118,198 244,175 51,593 
SG6LX4 Volkswagen  160,024 237,764 32,693 
 
Source: Own adjustment 
Out of 50 portfolios 8 of them ended 100% hedged, which means that without hedging they were in loss and with 
delta-hedging they ended in profit; 3 of them ended 0% hedged which means that without hedging they were in profit 
and with delta-hedging they ended in loss. Finally 39 portfolios ended partly hedged, which means that their losses or 
profits were reduced by delta-hedging.  
The average hedging ratio for all 50 portfolios was 70 %. That means that delta-hedging reduces risk for about 70% 
on both profit and loss sides. 
5. Conclusion 
Delta-hedging is powerful tool to decrease risk of a portfolio consisting of warrants and shares. This statement is 
even truthful when the portfolio is not rebalanced during its existence. It means that although delta is changing in time, 
number of shares remains the same. 
Under the conditions that warrants are plain vanilla American call type and presuming there are no transaction 
costs, no relevant differences in volatility and no spread between ask and bid price we got following results. On the 
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set of 50 portfolios it was shown that with 16% chance delta-hedging will change the loss into the profit, on the other 
hand with 6% chance it will change the profit into the loss. In the other 78 % cases delta-hedging reduced the risk by 
approximately 70%. 
These results suggest that delta-hedging makes the derivatives feasible even for risk-averse investors 
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